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Abstract
We predict that triangle singularities of hadron spectroscopy are strongly affected in heavy ion collisions. To do it
we examine various effects of finite temperature on the triangle loop yielding the singularity within the hadron phase.
Pion-containing triangles can be enhanced by exchanging them with the medium, but in other cases, especially with
heavy-quark hadrons, known thermal effects over the particles mass and width can quickly reduce the singularity: at
temperatures of about 150 MeV, below the transition to a quark-gluon plasma, even by two orders of magnitude. It
appears that peaks seen in central heavy ion collisions are more likely to be hadrons than rescattering effects unless
perhaps if a pion is involved in the triangle. The medium then acts as a spectroscopic filter.
At the foundation of particle physics since the 1960s is
the understanding of hadrons in quark-model terms. It
is thus surprising that there are so many “structures” in
accelerator data that remain unclassified. While there are
too few baryons (qqq-like) in comparison to early model
expectations, there are numerous claims for supernumer-
ary meson (qq) resonances. Perhaps this is the plethora of
exotic resonances expected from Quantum Chromodynam-
ics, that elevated the quark model to a field theory with
sectors counting different numbers of quarks, antiquarks
and gluons. But some of those new “hadrons” without
a clear overall pattern also beg for dynamical explana-
tions based on how the known hadrons rescatter under
their strong force. A leading candidate hypothesis to ef-
fect much of the probably needed cleanup is the concept of
triangle singularities (and other cuspy features), much dis-
cussed in hadron physics in the last decade [1, 2, 3]. Such
methods are becoming standard among experimental col-
laborations, reexamining new and earlier “resonance” dis-
coveries for singularity structures not necessarily reflecting
a new particle. Serve as example the recent claim [4] that
the a1(1420) is no axial-vector meson resonance but such
triangle singularity instead. There are several works that
explain the mechanism [5, 6, 7, 8, 9, 10, 11]: in brief,
the triangle singularity, that receives its name from the
Feynman diagram in Fig. 1 happens when the three inter-
mediate particles become on shell and two have parallel
momenta, if such kinematics is allowed.
In a different subfield, analysis of heavy-ion collision
data routinely report narrow meson resonances, and an ef-
fort has developed to use them for spectroscopy [12]. For
example, the cross-section distinguishes internal compo-
sitions of charmonia such as X(3872) [13, 14, 15], with
canonical qq mesons thoroughly analyzed in the past [16].
In contrast, molecular configurations are supposed to
Figure 1: Triangle diagram for the reaction A→ BC, possibly yield-
ing a triangle singularity [11].
quickly break up in the hot medium.
In this letter we observe that dynamical singularities
such as the triangle one, not associated with a new parti-
cle, also melt away quickly at least for charmed hadrons,
so that one can often assert that peaks in central heavy ion
collision data are more likely physical hadron states. Our
calculations illustrate how this singularity disappearance
happens already at the lower temperature of the hadron
medium, much the more so in the quark-gluon plasma
phase. For heavy-quark excited hadrons, this is due to the
shift in their pole position (due to Bose-Einstein enhance-
ment of their decay in a light-meson populated thermal
medium) erasing the kinematic coincidence that causes the
singularity. A different effect occurs if a pion is present in
the triangle: the singularity is then enhanced by exchang-
ing this pion with the medium, which can partly compen-
sate the first effect.
Adopting the rest frame of the decaying particle A in fig-
ure 1, momentum and energy conservation fix the external-
variable kinematics,
P 0 ≡ EA = mA, P 0 − k0 ≡ EC = m
2
A −m2B +m2C
2mA
, (1)
k0 ≡ EB = m
2
A +m
2
B −m2C
2mA
, |~k| =
√
λ(m2A,m
2
B,m
2
C)
2mA
,
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where λ(a, b, c) = a2 + b2 + c2 − 2(ab + ac + bc). The
internal variable running in the loop is the four-momentum
q = (q0,q) of particle 1, with z ≡ cos θq.
For now, we ignore the irrelevant complication of spin
and consider only the scalar three-point loop integral
I⊳ = i
∫
d4q
(2π)4
1
(P − q)2 −m21 + iǫ)
(2)
· 1
[(q2 −m22 + iǫ] [(P − q − k)2 −m23 + iǫ]
.
With heavy particles in the triangle, e. g. mD0± ≫
T , or for singularity-specific kinematics involving de-
cays unreachable by propagating an antiparticle, we can
neglect the negative energy part of the propagators;
moreover, the meson width (enhanced in medio) soft-
ens the singularity and needs to be accounted for, so(
q2−m2+iǫ)−1→[2E(q0−E+iΓ2 )]−1 with the on-shell en-
ergy E =
√
~q2 +m2. This yields
I⊳ = i
∫
d4q
(2π)4
1
8E1E2E3
1(
(P 0 − q0)− E1(q) + iΓ12
) (3)
1[
q0 − E2(q) + iΓ22
] [
(P 0 − q0 − k0)− E3(q) + iΓ32
]
where Ei=1,2 ≡ Ei(~q) =
√
~q2 +m2i , E3 ≡ E3(~q + ~k) =
√
~q2 + ~k2 + 2|~q||~k|z +m23. The complex energy (pole po-
sition) E˜j := Ej − iΓj2 helps shorten notation. The finite-
temperature loop is calculated in the Matsubara formal-
ism, in which the q0 integral of Eq. (3) is replaced by a
sum over Matsubara frequencies
q0 → iωn = i2πn
β
n = 0,±1,±2, · · · , (4)
∫
dq0
(2π)
f(q0, ~q)→ SM = i
β
∞∑
n=−∞
f (ωn, ~q) , (5)
and β := 1/T . The Matsubara sum can be ana-
lytically carried out: SM is first reinterpreted as a
contour integration around the OY axis in the complex
x plane, SM → 12π
∮
dx12 coth(βx/2). The contour
is then deformed, picking up the poles of the in-
tegrand [17], that substitute the arguments of the
coth. This is given physical interpretation [18] in
terms of boson emission to the thermal medium by
the Bose-Einstein (BE) occupation function nβ(E)
in coth(βE/2) = [1 + 2nβ(E)] = (1 + nβ)
2 − n2β.
(A slight modification occurs for fermions, with
tanh(βE/2) yielding the Fermi-Dirac combination
(1 − nβ) instead.) The thermal triangle loop becomes
I⊳ =
1
2
∫
d3q
(2π)3
1
8E1E2E3
1(
P 0 − E˜1 − E˜2
) 1(
P 0 − k0 − E˜2 − E˜3
) 1(
k0 − E˜1 + E˜3
) × (6)
{[
1 + 2nβ(E˜2)
] (
−k0+E˜1−E˜3
)
+
[
1 + 2nβ(P
0 − E˜1)
] (
P 0−k0−E˜2−E˜3
)
+
[
1 + 2nβ(k
0 − P 0 + E˜3)
] (
P 0−E˜1−E˜2
)}
where each term contains two usual propagators and the
third one leaves a (1+2nβ) factor “lasing” that third par-
ticle into the medium (to obtain the vacuum result, it suf-
fices to set nβ = 0). For heavy mesons, whose density is
small at T ∼ sub-GeV, this is not the main reason for the
singularity waning. The small Γi (and thus the Ei ↔ E˜i
distinction) can be ignored in the BE factors (analytical
for physical masses) but need to be tracked down in the
denominators of the propagators.
As a first application, we examine the triangle singular-
ity coming from theK∗Σπ triangle diagram, important for
Λ(1405) production in π−p → K0πΣ and pp → pK+πΣ,
discussed in detail in [10]. The triangle diagram arises
from the formation of an N∗ resonance decaying, in the
notation of fig. 1, by
N∗(A)→ K∗(1)︸ ︷︷ ︸
→K(B)π(3)
Σ(2) (7)
(2)+(3)−−−−−→ Λ(1405)(C).
Unlike the examples to follow, a pion is present in the tri-
angle diagram: because mπ ∼ T is reachable the virtual
pion can be taken/deposited on shell in the medium with
little or no Boltzmann suppression. To isolate this enhanc-
ing effect of the (1 + 2nβ) factor in Eq. (6) we fix masses
and widths to their vacuum values and show |I⊳|2 against
the near-threshold π0Σ0 invariant mass in Fig. 2.
As a second example we consider the singularities in the
pionless K∗KK triangle diagram, relevant in discussing
resonances like the a1(1420) reported by COMPASS in
the P−wave πf0(980) channel of the πp → πππp reac-
tion [8, 27]. To study the K∗K threshold area, we analyze
simplified processes such as
(A)→ K∗+(1)K−(2)K+(3)→ π−(B)π+π−/π0η(C) . (8)
As seen in the top panel of Fig. 3, unlike the previous ex-
ample with a pion, the inclusion of thermal effects through
the Matsubara prescription in the triangle loop integral
alone does not induce a relevant change because mK > T
(this is certain to change at the yet higher temperatures in
the quark-gluon plasma where the coth-function is mod-
ified, with T more comparable to the masses). In con-
trast, when thermal corrections to the masses and widths
are included according to Table 1, the triangle singularity
2
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Figure 2: Squared modulus of triangle loop integral (|I⊳|2) in Eq. (6)
for the reaction (7) as function of mπ0Σ0 [10] at finite T , with in-
termediate particles 1, 2 and 3 being K∗0,Σ0, pi0 respectively. The
invariant mass of K∗0Σ0 is fixed at 2140 MeV. Masses and widths
taken at their vacuum values [19] except for a regulating Γ2,Γ3 = 0.2
MeV to avoid numerical instability (so the peak, ∝ log Γ [20], is un-
derestimated).
is strongly affected (bottom pannel). The narrow peak,
appearing at smaller temperatures, becomes smaller and
moves to the left due to the reduction of K+K− thresh-
old. It also splits into two, probably corresponding to the
separation of the threshold and triangle singularities as
explored in the next example.
Table 1: Input thermal masses and widths [23, 24, 25] in GeV. We
exclude mπ , practically constant and of unclear sign [26]. We are
not currently aware of a detailed computation of the K∗ width,
so we use a crude rounded-off estimate of order ΓK∗ (T = 0) ×
(1 + nπ(T ) + nK(T )).
T 0 0.05 0.1 0.15
mK± 0.49367 0.49367 0.4906 0.37
mK∗+ 0.89166 0.8877 0.8207 0.508
mD∗− 2.0103 2.0099 1.994 1.872
mD∗0 2.00685 2.00647 1.991 1.868
mD0 1.86483 1.86466 1.856 1.776
ΓK∗+ 0.050 0.0512 0.075 0.100
ΓD∗− 83.4× 10−6 87.6× 10−6 0.00787 0.0359
ΓD∗0 55× 10−6 57.8× 10−6 0.0052 0.0237
Our last and most important example is the singularity
recently reported [9] in lieu of the X(3872) in the reaction
B0 → K++
(A)︷ ︸︸ ︷(
D∗−(1)D∗0(2)
)
(9)
D0(3)−−−−→ K+ +
(B)︷︸︸︷
π−
(C)︷ ︸︸ ︷(
J/ψπ+π−
)
.
The integral |I⊳|2 is calculated varying the J/ψπ+π− in-
variant mass, taking the invariant mass of the final system
excluding the K+ (not participating in the D triangle loop
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Figure 3: Squared scalar triangle loop integral (|I⊳|2) in Eq. (6)
for the reaction of Eq. (8), as a function of the K+K− invariant
mass [5, 8], for various temperatures. The intermediate particles
1, 2 and 3 are respectively K∗+,K− and K+, with fixed K∗+K−
invariant mass at 1420 MeV. Top: temperature included only in the
loop variable q0, but Mi, Γi fixed at their vacuum values [19] except
for a regulating Γ2 = 0.5 MeV to avoid numerical instability (so the
T = 0 peak is estimated from below). The effect of T is smaller than
in figure 2, due to mK >> mπ ∼ T . Bottom: thermal corrections
to the (1, 2, 3) meson masses and widths are included, according to
the values shown in Table 1. The singularity melts with T .
D∗−, D∗0D0) fixed at 4.0172 GeV. The triangle with heavy
quarks is even less affected itself than the case of K∗KK
when the thermal effects are implemented through Mat-
subara’s prescription alone, due to the insufficient tem-
peratures so we plot it in figure 4 (top panel). We next
assess the temperature effect on each individual D meson
participating in the triangle loop. The leading thermal
effect is an increase of the resonance width [21, 22] due
to Bose-Einstein enhancement of the bosonic channels to
which it can decay, but with increasing temperature the
particle masses are also affected. This mi(T ), Γi(T ) be-
havior is already known [23, 24, 25] for the π,D∗−, D∗0, D0
needed in our examples (table 1; for ΓK∗ we provide an
educated guess), and we can directly study its influence on
the triangle I⊳.
We plot the resulting |I⊳|2 in Fig. 4. As the D/D∗
mesons decay to lighter particles (π,K) with large in-
medio occupation number, the singularity is molten away.
In fact, we do find very acute sensitivity to the kinematic
variables. The peak of the singularity is sharpest at T = 0:
as temperature increases, the peak diminishes in height
and shifts to smaller J/ψπ+π− invariant massmC , accom-
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Figure 4: Squared triangle graph (|I⊳|2) in Eq. (6) against mC for
(B0 −K+)(A) → (J/ψpi+pi−)(C)pi−(B) [9]. Top: the temperature
affects only the loop variable, but Mi, Γi are fixed at their vacuum
values [19]. The effect of T is very small. Bottom: thermal cor-
rections to the (1, 2, 3) meson masses and widths included (Table 1);
the singularity melts with T .
panying the drop of the D∗0D0 threshold. At even higher
T , the structure seems to disappear altogether (and is not
made visible even changing mA).
To better understand this disappearance, we examine
the reaction kinematics following [7, 8]. The position of
the triangle singularity in the invariant mass m23 ≡ mC ,
is determined by finding a solution of the pole-pinch condi-
tion putting the three intermediate particles on-shell and
in the collinear kinematics that allows them to interact
classically (with particle 2 reaching particle 3),
lim
ǫ→0
(qon+ − qa−) = 0, (10)
qon± :=
√
λ(m2A,m
2
1,m
2
2)± iǫ,
qa± :=
[k(m223 +m
2
2 −m23)±
√
λ(m2
23
,m2
2
,m2
3
)
E23
]
2m223
± iǫ;
with E23 ≡ EC . Fig. 5 then shows the satisfaction of the
kinematic condition 10 for the triangleD∗D∗D as function
of m23. Also plotted is the satisfaction of the condition for
the two-body threshold singularity,
lim
ǫ→0
(qa+ − qa−) = 0 . (11)
At T = 0 both conditions are simultaneously satisfied (the
lines touch the x-axis together), so the integration path
in Eq. (3) is pinched between qon+ → qa+ and qa−. As
T increases, they shift to smaller mC separating among
themselves and from the x-axis, so the singularities wane
in agreement with Fig. 4.
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m23 = mJ/ψpipi
0,0001
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0,1
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Figure 5: Kinematic singularity conditions for the triangle (red
solid line) limǫ→0 (qon+ − qa−) = 0, and two-body threshold (black
dashed line), limǫ→0 (qa+ − qa−), as functions of m23 = mJ/ψππ
invariant mass, at different temperatures.
In conclusion, our examples establish that triangle (and
threshold) singularities are seriously affected by the equili-
brated medium created in relativistic heavy ion collisions,
and that their disappearance due to the kinematic condi-
tions for the triangle singularity to occur not being met,
due to thermal mass shifts and widths, provides a new
tool for hadron spectroscopy classification of final state
enhancements.
Awareness of this phenomenon in analyzing heavy-ion
collision data may therefore prove useful. Already at hand
is a CMS [28] detection of the polemic X(3872) in Pb-Pb
data. The collaboration was able to use its vertex tracker
to potentially separate prompt (from direct cc¯ production)
and non-prompt (from delayed weak decays of the B me-
son). There does not seem to be a nonprompt component,
which is consistent with the deactivation of the triangle
mechanism in figure 4 (and of any other method of pro-
ducing X from B decays).
In fact, we are not aware of any heavy-ion collision sight-
ing of the resonances or processes listed in table 1 of [8]
as being strongly influenced by the triangle mechanism. A
dedicated search would be useful to decide whether indeed
they are absent in that hot environment.
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